This paper shows that Mustaţǎ-Nakamura's conjecture holds for pairs consisting of a smooth surface and a multiideal with a real exponent over the base field of positive characteristic. As corollaries, we obtain the ascending chain condition of the minimal log discrepancies and of the log canonical thresholds for those pairs. We also obtain finiteness of the set of the minimal log discrepancies of those pairs for a fixed real exponent.
Introduction
Two invariants, the minimal log discrepancies and the log canonical thresholds, for a singularity of a pair consisting of a variety and a multiideal with a real exponent play important roles in birational geometry. For example, the ascending chain condition (ACC, for short) of these invariants under certain conditions would give a significant step in a proof of the Minimal Model Problem (MMP, for short). ACC Conjecture for log canonical thresholds over the base field of characteristic 0 is proved in [2] , while not yet over the base field of positive characteristic. On the other hand, ACC Conjecture for minimal log discrepancies is not proved even in characteristic 0. Mustaţǎ and Nakamura ( [10] ) posed a conjecture, say Mustaţǎ-Nakamura's conjecture (MN Conjecture, for short) and proved that it implies ACC Conjecture for the minimal log discrepancies for the base field of characteristic 0. Then, Kawakita ([8] ) proved the converse also holds in characteristic 0. Aside ACC, MN Conjecture plays important roles on basic properties of singularities (openess of good singularities, stability of good singularities under a deformation, etc., see, for example [3] ). In this paper, we focus on pairs (A, a e ) consisting of a smooth surface A and a non-zero multiideal a e = a e 1 1 · · · a es s (a i 's are non-zero coherent ideal sheaves on A) with an exponent e = {e 1 , . . . , e s } (e i ∈ R >0 ) on A defined over an algebraically closed base field k of arbitrary characteristic. As our interest is in a smooth surface A, we state the conjectures on smooth varieties, although the primary conjectures are stated under more general settings: Conjecture 1.1 (MN Conjecture). Let A be a smooth variety of dimension N defined over an algebraically closed field k and let 0 ∈ A be a closed point. Given a finite subset e ⊂ R >0 , there is a positive integer ℓ N,e (depending on N and e) such that for every multiideal a e on A with the exponent e, there is a prime divisor E that computes mld(0; A, a e ) and satisfies k E ≤ ℓ N,e . Conjecture 1.2 (ACC Conjecture for mld). Let A, N , e and 0 be as above. For every fixed DCC set J ⊂ R >0 , the set {mld(0; A, a e ) | e ⊂ J, (A, a e ) is log canonical at 0}
satisfies ascending chain condition (ACC).
We know the following equivalence between the two conjectures in characteristic 0. (ii) ACC Conjecture in the set of pairs (A, a e ) holds for every DCC set J.
When the base field k is an algebraically closed field of characteristic 0, it is proved in [10] that MN Conjecture holds for the set of the pairs (A N k , a e ) for arbitrary N ≥ 1 with monomial ideals a i , as well as the set of the pairs (A, a e ) for a surface A with an arbitrary non-zero multiideal a e . Therefore, by Proposition 1.3, ACC Conjecture also holds for these classes in characteristic 0. When the base field k is of positive characteristic, MN Conjecture holds for the set of the pairs (A N k , a e ) for arbitrary N ≥ 1 and monomial ideals a i (see, Lemma 2.3 and [4, Corollary 1.10 ]). The proof of MN Conjecture for the set of pairs (A, a e ) with surfaces A in characteristic 0 in [10] uses generic smoothness, therefore the proof does not work directly for positive characteristic case. By making use of the result for monomial multiideal case and Kawakita's result [7] , we obtain the main result of this paper: Theorem 1.4. Let A be a smooth surface defined over an algebraically closed field of arbitrary characteristic and 0 ∈ A a closed point. Then, we obtain the following:
(i) MN Conjecture holds in the set of the pairs (A, a e ) for multiideal a e with an exponent e ⊂ R >0 .
I.e., There exists a positive number ℓ e such that there is a prime divisor E over A which computes mld(0; A, a e ) and satisfies k E ≤ ℓ e .
(ii) Moreover, for every pair (A, a e ), there is a monomial multiideal a e * on A 2 k such that
where a e * is the monomial multiideal on A 2 C whose ideals a * i 's are generated by the same monomial generators as of a * i 's.
On the way to prove the theorem, we generalize the result in [7] into the positive characteristic case (Lemma 2.2) and as its application we obtain the following: 
where a e * is as in the theorem above.
In case the base field k is of characteristic 0 and a is a reduced principal ideal, the first statement is a result by Varčenco (for a proof, see [ Note that in positive characteristic case, the ACC for ideals does not follow from ACC for Cartier divisors. Actually, the reason why for characteristic 0 we can reduce the problem into the problem for Cartier divisors is because the equality
holds for a general element f i ∈ a i and (f ) e = (f 1 ) e 1 · · · (f s ) es by virtue of Bertini's theorem (generic smoothness) which does not hold in positive characteristic even for surfaces. 
The structure of this paper is as follows: In the second section we give the definitions of two invariants and the proofs of the theorem and the corollaries. As we reduce the problem into that on the pairs (A 2 k , a e ), the calculation ℓ e for a given e is a kind of combinatorics. We show some example of ℓ e for some e.
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Preliminaries and the proofs
E prime divisor over A with the center containing 0 . Proof. For characteristic 0, the statements are proved by Kawakita in [7] . Note that the only point in the proof he uses the characteristic 0 is the "Inversion of Adjunction" of the form: Let Q ∈ Y be a smooth point on a surface Y and F a smooth curve passing through Q, then (a) a triple (Y, F, a e ) is plt at Q, if and only if (b) (F, a e O F ) is klt at Q. As Y is a surface, (a) is equivalent to:
where I F is the defining ideal of F on Y . On the other hand, as F is a curve, (b) is equivalent to:
In positive characteristic the Inversion of Adjunction of the following form is proved in [5] :
which completes the equivalence of (a) and (b) for positive characteristic, and therefore completes the proof of the lemma for positive characteristic. 
(ii) MN Conjecture holds in the set of the pairs (A N k , a e ) for a monomial multiideal a e with an exponent e ⊂ R >0 .
Proof. The statement (i) follows from the fact that the both pairs (A N k , a e ) and (A N C , a e ) have toric log resolutions of the singularities, such that the associated fans are the same and the valuation of the monomial ideals at the toric divisors corresponding to the same cone are the same. Therefore the minimal log discrepancies are the same and computed by toric divisors associated to the same cone. [6] , the set of mld's with a fixed exponent e is finite, if the base field is of characteristic 0. By our statement (i), we also obtain that the set of mld's for our pairs (A N k , a e ) with a fixed exponent e is finite for the base field k of positive characteristic. Then, in the same way as in [10, Theorem 5.1], we can prove the statement for positive characteristic.
Proof of Theorem 1.4. Let A be a smooth surface over the base field k of arbitrary characteristic and fix a closed point 0 ∈ A. Let E be a prime divisor computing mld(0; A, a e ) as in Lemma 2.2. Then, there are a regular system of parameters x 1 , x 2 of O A,0 and a pair of positive integers w 1 , w 2 such that the exceptional divisor E obtained by the weighted blow up with respect to x 1 , x 2 with weight w 1 , w 2 computes the minimal log discrepancy mld(0; A, a e ). Now we have a morphism
which isétale around the origin 0 and have the equalities 
and therefore mld(0; A, a e ) ≤ mld(0;
Here, noting that the prime divisor E is obtained by the weighted blow up, it follows that val E is a monomial valuation over A, which yields equalities:
Since E computes mld(0; A, a e ), we obtain either
. By these inequalities and the opposite inequality (4), we have
By Lemma 2.3, there is ℓ 2,e ∈ N depending only on 2 and e such that there is a prime divisor E ′ over A 2 k with the center 0 computing mld(0; A 2 k , a e * ) and satisfying k E ′ ≤ ℓ 2,e . Then, by (3) and (5) this divisor E ′ also computes mld(0; A, a e ), which completes the proof of (i). The proof of (ii) is clear from (i) in Lemma 2.3 and the above proof for (i) .
Proof of Corollary 1.5. Let A be a smooth surface over an algebraically closed field k of arbitrary characteristic, a e a multiideal with a real exponent e on A and 0 ∈ A a closed point. Let t = lct(0; A, a e ), then the pair (A, (a e ) t ) is strictly log canonical. For the proof of Corollary, we may assume that there is an exceptional prime divisor E computing the lct. Then, E has the center at 0 and computes mld(0; A, (a e ) t ) = 0. By Lemma 2.2, it follows that E is obtained by a weighted blow up. For the second statement, let t = lct(0; A, a e ) and it is computed by an exceptional divisor, then mld(0; A, (a e ) t ) = 0 and it is computed by the exceptional divisor. By the result (ii) in Theorem 1.4, we have a monomial multiideal a e with a real exponent e on A 2
And the proof of Theorem 1.4 also gives an exceptional divisor computing mld(0; A 2 C , ( a e ) t ) = 0. This shows that t = lct(0; A 2 C , a e ).
Note that there is not necessarily an exceptional prime divisor computing the log canonical threshold. Corollary 1.5 states nothing for such a case as follows: 
where a e (i) (i) 's are monomial multiideals on A 2 C . As ACC holds on the pairs over C, we obtain that the sequence stops at a finite stage.
Proof of Corollary 1.7. Let A be a smooth surface over an algebraically closed field k of positive characteristic and 0 a closed point. For every fixed DCC set J ⊂ R >0 , given a sequence:
such that e (i) ⊂ J for all i = 1, 2, . . .. Here, we may assume that all lct are computed by exceptional divisors, because the sequence of lct's computed by non-exceptional divisors has ascending chain condition. Now, by the second statement of Corollary 1.5, we obtain the ascending chain of lct's of pairs over C. Apply the result of ACC for characteristic 0 ( [2] ) to obtain the sequence stops at a finite stage.
Proof of Corollary 1.8. The first statement follows in the same way as in the proof of Corollary 1.6 by using (ii) of Theorm 1.4. The second statement follows from the proof of the Theorem 1.4.
As we reduce the problem into the one on the pairs of monomial ideals on A 2 k , we can calculate ℓ e for a given e by combinatorics. 1. Case #e = 1. Let e = {e 1 } (e 1 ∈ R >0 ).
(a) When e 1 > 2, mld(0; A 2 , a e ) = −∞ and it is computed by E 1 . Therefore, ℓ e = 1.
(b) When 1 < e 1 ≤ 2, either mld(0; A 2 , a e ) = 2 − r or mld(0; A 2 , a e ) = −∞, the first case is computed by E 1 and in the second case an upper bound of minimal k E such that E computes the mld is 1 e 1 −1 + 1. In this case E = E p (p = 1 e 1 −1 + 1, 1 ) and the ideal a is generated by x. Therefore, we obtain ℓ e = 1 e 1 −1 + 1.
(c) When r = 1, mld(0; A 2 , a e ) = 1 or 0 or −∞ and is computed by E 1 for the former two cases. For the case mld(0; A 2 , a e ) = −∞ an upper bound of minimal k E such that E computes the mld is 4. In this case E = E (3, 2) and the ideal a is generated by x 2 and y 3 . Therefore, we obtain ℓ {1} = 4.
(d) When r < 1, for a smaller r we have more cases to be checked to get ℓ e . As an example, we consider e = {1/2}, then we have mld(0; A 2 , a e ) = 3/2 or 1 or 1/2 or 0 or −∞ and it is computed by E 1 for the former four cases. For the case mld(0; A 2 , a e ) = −∞ an upper bound of the minimal k E such that E computes the mld is 9. In this case E = E (7, 3) and the ideal a is generated by x 3 and y 7 . Therefore, we obtain ℓ {1/2} = 9. (e) Let r = 2/π, where π is the circular constant. Then, the value of mld(0; A 2 k , a e ) = 2−2/π or 2 − 4/π or 2 − 6/π or −∞. And an upper bound of the minimal k E such that E computes the mld is 6. In this case E = E (4, 3) and the ideal a is generated by x 3 and y 4 . Therefore, we obtain ℓ {2/π} = 6.
Case #e = 2.
We consider e = (1, 1/2 
